On the Asymptotics of a Prime Spin Relation II by McMeekin, Christine
ON THE ASYMPTOTICS OF A PRIME SPIN RELATION, II
CHRISTINE MCMEEKIN
A cubic cyclic Galois group
was blowing in the wind
when we spotted a prime number
and beside it
a treasure map.
We followed the treasure map
to the golden units
to find
we were the stars
all along.
Abstract. For K a cyclic cubic number field with odd class number contain-
ing a unit ω such that NormK/Q(ω) = NormK/Q(1− ω) = −1, we prove that
the density of rational primes p that satisfy the spin relation,
spin(p, σ) = spin(p, σ−1) for all σ 6= 1 ∈ Gal(K/Q),
where p is a prime of K above p is equal to 1/2.
Furthermore, we prove that this density restricted to rational primes that
are 1 mod 4 is 1/4 and this density restricted to rational primes that are
−1 mod 4 is 3/4.
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2 CHRISTINE MCMEEKIN
1. Introduction
For K a cyclic number field of degree ≥ 3 with odd class number h(K) such
that every totally positive unit is a square, the spin of an (odd) ideal is defined as
follows.
Definition 1.1. [FIMR13] Let σ 6= 1 ∈ Gal(K/Q). Given an odd principal ideal
a, we define the spin of a (with respect to σ) to be
spin(a, σ) :=
( α
aσ
)
,
where ah(K) = (α), α is totally positive, and
( ·
·
)
denotes the quadratic residue
symbol in K.
Definition 1.2. For K a cyclic cubic number field with ring of integers OK , if a
unit ω ∈ O×K satisfies
Norm(ω) = Norm(1− ω) = −1,
then ω is said to be a golden unit.
For S ⊆ R sets of rational primes, let
d(R|S) = d
(
R
S
)
:= lim
N→∞
#R|N
#S|N
where S|N and R|N denote the set of primes in S and R respectively of absolute
norm less than N ∈ Z+.
Let S denote the set of odd rational primes that split completely in K/Q. Let
S+ := {p ∈ S : p ≡ 1 mod 4Z}, and
S− := {p ∈ S : p ≡ −1 mod 4Z}.
For a fixed sign ±, define
R± := {p ∈ S± : spin(p, σ) = spin(p, σ−1) for all σ 6= 1 ∈ Gal(K/Q)},
R := R+ ∪R−.
Theorem 1.3. Let K be a cyclic cubic number field with odd class number. Assume
K has a golden unit. Then d(R|S) = 1/2. More particularly,
d(R+|S+) = 1
4
, d(R−|S−) = 3
4
.
2. The Coincidence of Narrow and Wide
Let K be a totally real number field, over Q with odd class number h(K).
Assume 2 is inert in K/Q. Let U := O×K denote the group of units of K, let UT
denote the totally positive units, and let U2 denote the square units. When every
totally positive unit of K is a square unit (i.e. UT = U
2), we can define a map from
the prime ideals of K to U/U2. This map (defined in Lemma 2.4) will be used in
Proposition 4.4. Proposition 4.4 together with 3.10 gives the main result, Theorem
1.3.
We say a modulus m is narrow whenever it is divisible by all infinite places. We
say a modulus is wide whenever it is not divisible by any infinite place. We say a
ray class group or ray class field is narrow or wide whenever its defining modulus is
narrow or wide respectively. For a modulus m of K, nRmK denotes the narrow ray
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class field over K with conductor m∞ and nClmK denotes the corresponding narrow
ray class group, where ∞ denotes the product of all infinite places of K.
We restate Lemma 3.1 in [McM18]. The proof is an exercise in class field theory.
Lemma 2.1. [McM18] Let K be a totally real number field. The following are
equivalent.
(1) UT = U
2.
(2) The narrow and wide Hilbert class groups of K coincide.
(3) Every principal ideal of K has a totally positive generator.
Lemma 2.2. Let K be a totally real number field, Galois over Q such that the class
number h(K) is odd and UT = U
2. Let p be an odd prime of K. Then the narrow
ray class field over K of conductor p has a unique subextension that is quadratic
over K.
Proof. We first show that the narrow ray class group over K of conductor p has
even order. We then show the 2-part of the narrow ray class group over K of
conductor p is cyclic.
Let m be the narrow modulus with finite part p. Let
Km := {a ∈ K× : ord2(a) = 0},
Km,1 := {a ∈ K× : ord2(a− 1) ≥ ord2(q), a  0}, and
Um,1 := Km,1 ∩ U,
where ord2(a) := v such that a = 2
vb for (b, 2) = 1 and a  0 means a is totally
positive. Then by Theorem V.1.7 in [Mil13], since K is totally real,
hm =
2n(pf − 1)h
(U : Um,1)
.
where pf := NormK/Q(p) for rational prime p and h := h(K) = #CK is the class
number of K and hm := [nR
m
K : K].
Observe Um,1 ⊆ UT since m is narrow. Then since UT = U2,
(U : Um,1) = (U : UT )(UT : Um,1) = 2
n(U2 : Um,1)
=⇒ hm = (p
f − 1)h
(U2 : Um,1)
.
Consider the injection
U2
Um,1
↪→
(
OK
p
)×
coming from the exact sequence and canonical isomorphism in Theorem V.1.7 in
[Mil13].
The image is contained in
((
OK
p
)×)2
so (U2 : Um,1)|p
f−1
2 . Therefore hm is
even.
Now we show the 2-part of the ray class group over K of conductor m is cyclic.
Let Lp denote the maximal 2-extension of the narrow ray class field over K of
conductor p∞ where p is an odd prime in K.
Let E denote the inertia group for p relative to the extension Lp/K and let
LE denote the fixed field of E. Note that E is cyclic by Corollary 7.59 in [Mil08]
because Lp/K is tamely ramified at p since p is co-prime to [Lp : K].
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By Lemma 2.1, since UT = U
2 and K has odd class number, the narrow Hilbert
class group has odd degree over K. Therefore there is no non-trivial even extension
of K in which all finite primes are unramified. Note that all finite primes of K are
unramified in LE and that [LE : K] | [Lp : K]. Then since [Lp : K] is a power of 2,
[LE : K] = 1 so E = Gal(Lp/Q).

Lemma 2.3. Let L/K be an extension of number fields. Then p a prime of K is
totally ramified in L/K if and only if L = K(γ) for some γ ∈ OL with minimal
polynomial over K Eisenstein at p.
Proof. See Propositions 3.10.3 and 3.10.4 in [Koc00]. 
Let P2`K denote the set of primes of K that are co-prime to 2` where ` is the
conductor of K. Note that p ∈P2`K implies p is unramified in K/Q.
Proposition 2.4 (The Treasure Map). Let K be a totally real number field, Galois
over Q such that the class number h(K) is odd, every totally positive unit is a square
unit, and 2 is inert in K/Q. Define
xK :P
2`
K → U/U2
p 7→ up
such that upαp is a square (element) in nR
p
K where αp ∈ OK is a totally positive
generator of ph(K). The map xK is well-defined.
Proof. Let p ∈ P2`K . By Lemma 2.2, there is a unique quadratic extension L/K
such that L ⊆ nRpK . By Lemma 2.3,
L = K(γ)
for some γ ∈ OL with minimal polynomial over K Eisenstein at p.
Let fγ(x) = x
2 + c1x + c0 ∈ K[x] be the minimal polynomial of γ over K. We
may assume c1 = 0 since otherwise, we could take γ
′ := 2γ + c1 ∈ L and the
minimal polynomial of γ′ is x2 − (c21 − 4c0), which is also Eisenstein at p since p is
odd. Now write the minimal polynomial of γ over K as
fγ(x) = x
2 − c
for some c ∈ K where fγ(x) is Eistenstien at p.
If cOK had a prime factor q 6= p with odd multiplicity then L would be ramified
at q, a contradiction since L ⊆ nRpK . Therefore
cOK = pI2
for some ideal I ⊆ OK co-prime to p.
Let b ∈ OK be a generator of Ih(K). Raising cOK = pI2 to the power of h(K)
gives
ch(K)
b2
OK = ph(K).
Let d = ch(K)/b2. Then dOK = ph(K). Since ph(K) is principal, d ∈ OK . Further-
more, since h(K) is odd,
d = c
(
c
h(K)−1
2
b
)2
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and so K(
√
d) = K(
√
c). We have proven that L = K(
√
d) for some generator
d ∈ OK of ph(K).
By Lemma 2.1, since UT = U
2, there exists a totally positive generator α ∈ OK
of ph(K). There exists some u ∈ O×K such that
d = uα
because all signatures are represented by units since UT = U
2 in K. Since L =
K(
√
d) ⊆ nRpK , d = uα is a square (element) in nRpK .
If u, v ∈ O×K such that uα and vα are both squares in nRpK , then K(
√
uα) and
K(
√
vα) are both contained in nRpK . By uniqueness of L, K(
√
uα) = K(
√
vα).
Write
√
vα = x + y
√
uα. Squaring both sides yields xy = 0, which implies x = 0
since y 6= 0. Thus vα = y2uα. Since y2 is totally positive, u and v have the same
signature. Since UT = U
2, this implies u ≡ v in U/U2. 
3. Density Formulas Modulo 4
In this section, we prove a more refined version of the main results of [McM18]
that handles restriction modulo 4Z.
Lemma 11.1 in [FIMR13] states that the product spin(p, σ) spin(p, σ−1) is a
product of Hilbert symbols at places dividing 2. We restate this more explicitly in
Lemma 3.1. For a place v of K, let K(v) denote the completion of K at v. For
a, b ∈ K co-prime to v, the Hilbert symbol is defined such that (a, b)v := 1 if the
equation ax2 + by2 = z2 has a solution x, y, z ∈ K(v) where at least one of x, y, or
z is nonzero and (a, b)v := −1 otherwise.
Lemma 3.1. [FIMR13] Let K be a cyclic number field of degree ≥ 3 with odd class
number h(K) such that every totally positive unit is a square. Let α be a totally
positive generator of the odd prime ideal p ⊆ OK . Then
spin(p, σ) spin(p, σ−1) =
∏
v|2
(α, ασ)v.
In particular, if α ≡ 1 mod 4 then ∏v|2(α, ασ)v = 1.
Proof. See Lemma 11.1 in [FIMR13] or use the fact that Hilbert symbols satisfy∏
v(α, α
σ)v = 1. 
For a number field K that is Galois over Q with ring of integers OK , define
M4 := (OK/4OK)×/
(
(OK/4OK)×
)2
.
Let M4,G denote the set of Gal(K/Q)-orbits of M4. The following definition is
motivated by Lemma 3.1.
Lemma 3.2. [McM18] Let K be a number field, Galois over Q with abelian Galois
group. Let α ∈ OK denote a representative of [α] ∈ M4,G. Define the map
? : M4,G → {±1}
[α] 7→
{
1 if
∏
v2(α, α
σ)v = 1 for all non-trivial σ ∈ Gal(K/Q),
−1 otherwise.
Then ? is a well-defined map.
Proof. This is Theorem 5.1 in [McM18]. 
Let P2K denote the set of primes of K that are co-prime to 2.
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Definition 3.3. [McM18] Let q ≥ 4 be a power of 2. Let K be a totally real
number field such that every totally positive unit is a square unit. Assume K is
Galois over Q with abelian Galois group and that K has odd class number, h(K).
(1) Define the map
r0 :P
2
K →Mq
p 7→ α,
where α ∈ OK is a totally positive generator for the principal ideal ph(K).
(2) Define the map
r :P2Q → Mq,G
p 7→ [r0(p)],
where p is any prime in K above p. Here [α] denotes the Gal(K/Q)-orbit
of α ∈M4 considered in Mq,G.
Proof. To see that r0 is well-defined, apply Lemma 2.1 which gives the existence
of a totally positive generator α for the principal ideal ph(K). Since UT = U
2 and
squares are trivial in Mq, r0 is well-defined. Next observe that r0(p
σ) = r0(p)
σ for
all p ∈ P2K and all σ ∈ Gal(K/Q). Then since M4,G is the set of Galois orbits of
M4, [r0(p
σ)] = [r0(p)] in M4,G and so r is well-defined. 
Definition 3.4. Let S be a set of primes and let R ⊆ S. If the limit exists, then
the restricted density of R (restricted to S) is defined as
d(R|S) = d
(
R
S
)
:= lim
N→∞
#RN
#SN
where SN and RN denote the set of primes in S and R respectively of absolute norm
less than N ∈ Z+.
We now restate Lemma 4.3 from [McM18]. LetP2`K denote the set of primes of K
that are co-prime to 2` where ` is the conductor of K. By Lemma 3.5 in [McM18],
the map r0 from Definition 3.3 induces a canonical surjective homomorphism
ϕ : nCl4K M4.
Lemma 3.5. [McM18] Let K be a cyclic totally real number field with odd class
number such that every totally positive unit is a square. Assume 2 is inert in K/Q.
Assume n := [K : Q] is an odd prime. Let ` denote the conductor of K.
(1) For any α ∈M4, the density of p ∈P2`K such that ϕ(p) = α is 1/2n. That
is,
d(r−10 (α)|P2`K ) =
1
#M4
=
1
2n
.
(2) Furthermore, the density does not change when we restrict to primes of K
that split completely in K/Q. That is,
d(r−10 (α) ∩ S′|S′) =
1
#M4
= 1/2n.
Proof. For part (1), see Lemma 4.3 in [McM18]. We now prove part (2). By Lemma
3.5 in [McM18], the map r0 : P2`K → M4 from Definition 3.3 induces a surjective
canonical group homomorphism
ϕ : nCl4K M4
ON THE ASYMPTOTICS OF A PRIME SPIN RELATION, II 7
which commutes with the Galois action from Gal(K/Q). Define H := Art(ker(ϕ))
so that the following diagram of exact sequences commutes and commutes with the
Galois action from Gal(K/Q).
1 ker(ϕ) nCl4K M4 1
1 H Gal(nR4K /K) M4 1
ϕ
Art Art identity
Define L to be the fixed field of H. Then ϕ induces a canonical isomorphism
Gal(L/K) ∼= M4.
For a Galois extension F/E of conductor dividing m, let
AEF |E(τ) := {p ∈PmE : ArtF |E(p) = τ},
AFF |E(τ) := {p ∈PmF : p lies above p ∈ AEF |E},
where τ ∈ Gal(F/E).
Let α ∈ M4. Let σ ∈ Gal(L/K) corresponding to α ∈ M4. Then AKL|K(σ) =
r−10 (α) is the set of primes of K that map to α via r0 and AKK|Q(1) = S′ is exactly
the set of primes of K that split completely from K/Q. We want to show
d := d(AKL|K(σ) ∩ AKK|Q(1)|AKK|Q(1)) =
1
2n
.
Since the diagram above commutes with the action from Gal(K/Q), L is Galois
over Q with Gal(L/K) E Gal(L/Q). Considering σ ∈ Gal(L/Q), since σ fixes K,
AKL|K(σ) ⊆ AKK|Q(1). Therefore d = d(AKL|K(σ)|AKK|Q(1)).
For all N →∞, there is a surjective map
AKK/Q(1)|N  AQK/Q(1)|N
with index n = [K : Q], where |N denotes the restriction to primes of absolute
norm less than N . There is also a surjective map
AKL|K(σ)|N  AQL|Q(σ)|N
of index # Stab(σ), where Stab(σ) is the Stabilizer of σ ∈ Gal(L/K) under the
action of Gal(K/Q). Therefore
#AQL/Q(σ)|N =
#AKL/K(σ)|N
# Stab(σ)
and #AQK/Q(1)|N =
#AKK/Q(1)|N
# Gal(K/Q)
.
Therefore
d = d(AQL/Q(σ)|AQK/Q(1))
# Stab(σ)
# Gal(K/Q)
.
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Therefore, by Cebotarev’s Theorem (see Theorem VII.13.4 in [Neu99] for Dirichlet
density or Theorem 4 in [Ser81] for natural density),
d =
(
#Stab(σ)#〈σ〉
#Gal(K/Q)#Gal(L/Q)
)
(
1
#Gal(K/Q)
)
=
# Stab(σ)# 〈σ〉
# Gal(K/Q)# Gal(L/K)
,
where 〈σ〉 denotes the conjugacy class of σ under the action of Gal(K/Q). By the
Orbit-Stabilizer Theorem, # Stab(σ)# 〈σ〉 = # Gal(K/Q). Therefore
d =
1
# Gal(L/K)
=
1
2n
,
since Gal(L/K) ∼= M4 and #M4 = 2n by Lemma 3.3 in [McM18].

By Lemma 3.5, for any α ∈M4, the density of primes of K that map to α via r0
is 1#M4 =
1
2n . That is, the primes of K are equidistributed in M4 via the map r0.
We apply this Lemma in the following definition and then we state a more refined
version of this Lemma.
Definition 3.6. Let K be a cyclic totally real number field with odd class number
such that every totally positive unit is a square. For simplicity, we assume 2 is
inert in K/Q. Assume n := [K : Q] is an odd prime. Let ` denote the conductor
of K.
Let α ∈M4. Let p be a prime in P2`K such that r0(p) = α. The map
N : M4 → (Z/4)×
α 7→ NormK/Q(p) mod 4Z
is well-defined and N(p) = N(pσ) for all σ ∈ Gal(K/Q).
Proof. By Lemma 3.5, for any α ∈ M4, there exists a prime p ∈ P2`Q such that
r(p) = α.
Let p, q ∈ P2`Q such that r(p) = r(q). We will show that p ≡ q mod 4Z. Let
p, q ∈ P2`K be primes above p and q respectively with totally positive generators
α, β ∈ OK respectively. Since r(p) = r(q),
r0(p)
τ = r0(q)
for some τ ∈ Gal(K/Q). Therefore
ατ ≡ βy2 mod 4OK
for some y ∈ OK and so ατσ ≡ βσ(yσ)2 mod 4OK for all σ ∈ Gal(K/Q), which
implies
NormK/Q(α) ≡ NormK/Q(β) mod 4OK .
Write NormK/Q(α) − NormK/Q(β) = 4γ where γ ∈ OK . Then since the norms
are in Z, we know 4γ ∈ Z so γ ∈ OK ∩Q = Z. Therefore
NormK/Q(α) ≡ NormK/Q(β) mod 4Z.
If p and q split completely in K/Q we are done since p = NormK/Q(α) and q =
NormK/Q(β). Otherwise since K/Q is cyclic, p or q is inert.
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If p is inert, pn = NormK/Q(α) where n = [K : Q]. Recalling that n is odd and
p 6= 2, (
pn−1
4
)
= 1,
where the left hand side is the quadratic residue symbol in Z. Therefore pn−1 ≡
1 mod 4 so pn ≡ p mod 4. Thus no matter how p factors in K/Q,
NormK/Q(α) ≡ p mod 4Z
and the analogous statement is true for q. Therefore
p ≡ q mod 4Z.

We now state an extended version of Lemma 3.5 that handles the densities
restricted to primes of a fixed congruence class modulo 4Z. Recall thatP2`K denotes
the set of primes of K that are co-prime to 2` where ` is the conductor of K. Recall
that by Lemma 3.5 in [McM18], the map r0 from Definition 3.3 induces a canonical
surjective homomorphism,
ϕ : nCl4K M4.
Lemma 3.7. Let K be a cyclic totally real number field of odd prime degree n =
[K : Q] with odd class number such that every totally positive unit is a square.
Assume 2 is inert in K/Q. Let ` denote the conductor of K.
For a fixed sign ±, let S′± denote the set of primes of K laying above some p ∈ S
such that p ≡ ±1 mod 4Z. For any α ∈ M4, the density of p ∈ S′± such that
ϕ(p) = α is given by
d(r−10 (α) ∩ S′±|S′±) =
{
1
2n−1 if N(α) = ±1 mod 4
0 otherwise.
Proof. By Lemma 3.5 in [McM18], the map r0 : P2`K → M4 from Definition 3.3
induces a surjective canonical group homomorphism
ϕ : nCl4K M4,
which commutes with the Galois action from Gal(K/Q). Define H := Art(ker(ϕ))
so that the following diagram of exact sequences commutes and commutes with the
Galois action from Gal(K/Q).
1 ker(ϕ) nCl4K M4 1
1 H Gal(nR4K /K) M4 1
ϕ
Art Art identity
Define L to be the fixed field of H in Gal(nR4K /K). Then ϕ induces a canonical
isomorphism
Gal(L/K) ∼= M4,
which commutes the with action from Gal(K/Q).
By Theorem 1.7 in [Mil13], since UT = U
2 and 2 is inert in K/Q,
[nR4K : K] | h2n(2n − 1)
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where h is the class number of K. We know [L : K] = 2n since Gal(L/K) ∼= M4
and #M4 = 2
n by Lemma 3.3 in [McM18]. Therefore [nR4K : L] is odd. Letting
K4 denote the composite of K and Q(ζ4), this implies that K4 ⊆ L so we have the
following tower of number fields of the following degrees.
L
K4
K
Q
2n−1
2
n
For a Galois extension F/E of conductor dividing m, let
AEF |E(τ) := {p ∈PmE : ArtF |E(p) = τ},
AFF |E(τ) := {p ∈PmF : p lies above p ∈ AEF |E(τ)},
where τ ∈ Gal(F/E).
Let α ∈ M4 and let σ ∈ Gal(L/K) corresponding to α via the isomorphism
induced by ϕ. Note that Gal(L/K) E Gal(L/Q).
Fix a sign ± and let τ0 ∈ Gal(Q(ζ4)/Q) such that
AQQ(ζ4)/Q(τ0) = {p ∈P2`Q : p ≡ ±1 mod 4Z}.
Note that since n = [K : Q] is odd and [Q(ζ4) : Q] = 2, Gal(K4/K) ∼= Gal(Q(ζ4)/Q)
canonically. Let τ ∈ Gal(K4/K) corresponding to τ0 in Gal(Q(ζ4)/Q). Note that
Gal(K4/K) E Gal(K4/Q).
Observe that
r−10 (α) = AKL/K(σ), S′ = AKK/Q(1), and S′± = AKK4/K(τ) ∩ S′.
Then the density in question is
d± := d
(
r−10 (α) ∩ S′±
S′±
)
= d
(AKK/Q(1) ∩ AKL/K(σ) ∩ AKK4/K(τ)
AKK/Q(1) ∩ AKK4/K(τ)
)
Consider σ¯ ∈ Gal(K4/K) taken to be the image of σ under the natural surjection,
Gal(L/K) Gal(K4/K).
Note that σ¯ = τ exactly when N(α) = ±1 mod 4. If σ¯ 6= τ then r−10 (α) ∩ S′± = ∅
so the density in question is 0. We now assume N(α) = ±1 mod 4 so that σ¯ = τ .
Then
AKL/K(σ) ∩ AKK4/K(τ) = AKL/K(σ).
Therefore
d± = d
( AKK/Q(1) ∩ AKL/K(σ)
AKK/Q(1) ∩ AKK4/K(τ)
)
.
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Restricting to primes of norm over Q less than N , there are surjective maps of the
following indices
AKK/Q(1) ∩ AKL/K(σ)|N → AQL/Q(σ)|N with index = # Stab(σ)
and
AKK/Q(1) ∩ AKK4/K(τ)|N → AQK4/Q(τ)|N with index = # Stab(τ)
where Stab(σ) denotes the stabalizer of σ under the action from Gal(K/Q) and
Stab(τ) denotes the stabalizer of τ under the action from the same group. Let 〈σ〉
denote the conjugacy class of σ under the same action and define 〈τ〉 similarly. Then
by Cebotarev’s Theorem (see Theorem VII.13.4 in [Neu99] for Dirichlet density or
Theorem 4 in [Ser81] for natural density) and by the Orbit-Stabilizer Theorem,
d± =
# Stab(σ)
# Stab(τ)
d
( AQL/Q(σ)
AQK4/Q(τ)
)
=
# Stab(σ)d(AQL/Q(σ))
# Stab(τ)d(AQK4/Q(τ))
=
(
# Stab(σ)# 〈σ〉
# Stab(τ)# Gal(L/K)
)/(
# 〈τ〉
# Gal(K4/K)
)
=
# Stab(σ)# 〈σ〉
# Stab(τ)# 〈τ〉# Gal(L/K4)
=
1
# Gal(L/K4)
=
1
2n−1
.

Definition 3.8. Let K be a totally real cyclic number field of odd prime degree n
with odd class number h(K) such that every totally positive unit of K is a square.
Assume 2 is inert in K. We define the positive Starlight invariant of K to be
m+ := #{X ∈M4,G : #X = n, ?(X) = 1, and N(X) = 1}
and we define the negative Starlight invariant of K to be
m− := #{X ∈M4,G : #X = n, ?(X) = 1, and N(X) = −1}.
Remark 3.9. By Lemma 5.2 and Lemma 3.3 in [McM18],
# ker(?) = m+ +m− + 1.
Define S+ to be the set of odd rational primes congruent to 1 mod 4 that split
completely in K/Q. Similarly, define S− to be the set of odd rational primes
congruent to −1 mod 4 that split completely in K/Q. For a fixed sign ±, define
R± := {p ∈ S± : spin(p, σ) = spin(p, σ−1) for all σ 6= 1 ∈ Gal(K/Q)}.
Theorem 3.10 (± Density Formulas). Let K be a cyclic totally real number field
of odd prime degree n with odd class number such that 2 is inert in K/Q and every
totally positive unit is a square unit. Then
d+ := d(R+|S+) = 1 +m+n
2n−1
and d− := d(R−|S−) = m−n
2n−1
.
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Proof. Recall the map r from Definition 3.3. By Lemma 3.1, for each fixed sign ±,
R± = {p ∈ S+ : ? ◦ r(p) = 1}.
For N ∈ Z+, let R±,N = {p ∈ R± : p < N} and let S±,N = {p ∈ S± : p < N}.
Recall the map ? : M4,G → ±1 from Definition 3.2 and recall the map N :
M4,G → ±1 from Definition 3.6. Both were first shown to be well defined out of
M4 and in this proof we use the notation ? and N to refer to the corresponding
maps from M4 → ±1, noting that both ? and N commute with the Galois action
so they are each constant on any fixed Galois orbit. Let ?+ denote the restriction
of ? to
M+4 := {α ∈M4 : N(α) = 1}
and let ?− denote the restriction of ? to
M−4 := {α ∈M4 : N(α) = −1}.
We will prove that
(1) d(R+|S+) = # ker(?+)
#M+4
and d(R−|S−) = # ker(?−)
#M−4
.
Then since K is cyclic of odd degree and 2 is inert in K/Q, we can apply Lemma
3.3 in [McM18] to get that #M4 = 2
n. Note that M4 = M
+
4 unionsqM−4 , a disjoint
union. Then #M+4 = #M
−
4 = 2
n−1. Since n is prime all Galois orbits of M4
have size 1 or n. By Lemma 3.3 in [McM18], the only orbits of size 1 are ±1. By
Lemma 5.2 in [McM18], ?(1) = 1 and ?(−1) = −1 so # ker(?+) = 1 + m+n and
# ker(?−) = m−n.
We now show equation (1). Let ± denote a fixed sign and let ∓ denote the
opposite sign. Let S′±,N denote the set of primes of K laying above primes in S±,N
and let R′±,N denote the set of primes of K laying above primes in R±,N . Since
primes in S split completely,
#R±,N
#S±,N
=
#R′±,N
#S′±,N
.
Let r0,N denote the restriction of r0 to S
′
±,N . Then R
′
±,N is the disjoint union
R′±,N =
⊔
?(α)=1
r−10,N (α)
taken over elements α ∈M±4 such that ?(α) = 1, or equivalently taken over α ∈M4
such that ?(α) = 1 and N(α) = ±1 mod 4. Therefore
#R′±,N
#S′±,N
=
∑
N(α)=±
?(α)=1
#r−10,N (α)
#S′±,N
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over elements α ∈M4 such that ?(α) = 1 and N(α) = ±1 mod 4. Therefore if the
limits exist,
d(R±|S±) = d(R′±|S′±) =
∑
N(α)=±
?(α)=1
lim
N→∞
#r−10,N (α)
#S′±,N
=
∑
N(α)=±
?(α)=1
d(r−10 (α) ∩ S′±|S′±).
By Lemma 3.7, for all α ∈M4,
d(r−10 (α) ∩ S′±|S′±) =
1
#M±4
=
1
2n−1
.
Therefore
d(R±|S±) = # ker(?±)
#M±4
which proves equation (1), completing the proof.

4. The Existence of Non-Trivial Starlight
In this section we prove that the negative starlight invariant, m− is equal to
1 and the positive starlight invariant, m+ is equal to 0 for cubic cyclic number
fields with odd class number containing a golden unit. To do so, we prove that
the Gal(K/Q) orbit of M4 corresponding to a golden unit is of non-trivial size and
satisfies ?.
Proposition 4.1. [AF67] Let K be a cyclic cubic number field with odd class
number. Then every totally positive unit is a square.
Proof. Let U := O×K denote the group of units, UT the totally positive units, and U2
the square units. Observe U2 ⊆ UT ⊆ U . Then we have a surjective homomorphism
φ :
U
U2
→ U
UT
.
If none of the nontrivial class representatives of U/U2 are totally positive then φ is
injective. By Theorem V in [AF67], all signatures are represented by units. Square
units are always totally positive and there are 8 signatures and 8 classes of units
mod squares, so each class of U/U2 must have a different signature. Therefore
UT=U
2. 
Let OK denote the ring of integers of K, a cyclic cubic number field. Recall the
definition of a golden unit.
Definition 1.2. For K a cyclic cubic number field with ring of integers OK , if a
unit ω ∈ O×K satisfies
Norm(ω) = Norm(1− ω) = −1,
then ω is said to be a golden unit.
Lemma 4.2. Let K be a cubic cyclic number field containing two units that sum
to 1. Then 2 is inert in K/Q.
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Proof. If 2 is not inert in K/Q then either 2 is totally ramified or 2 splits completely.
In either case, the inertia degree of 2 in the extension K/Q is f = 1 so letting p
denote a prime of K above 2, the injection of residue class fields
ι : Z/2 ↪→ OK/p
is also a surjection.
Let ω ∈ O×K be a unit. Then ι−1(ω) 6= 0. That is, ι−1(ω) = 1. If in addition
ι−1(1−ω) = 1 then we would have ι−1(1) = ι−1(ω)+ι−1(1−ω) = 0, a contradiction.
Therefore ι−1(1− ω) = 0. This implies 2|Norm(1− ω) so 1− ω is not a unit. 
Corollary 4.3. If K is a cyclic cubic number field containing a golden unit, then
2 is inert in K/Q.
The next Lemma asserts the existence of a non-trivial orbit of M4 such that ? is
true whenever K is a cyclic cubic number field with odd class number containing a
golden unit. In particular, for such fields, ? is true for the unique non-trivial orbit
in M4,G of negative norm.
Proposition 4.4. Let K be a cyclic cubic number field with odd class number.
Assume K has a golden unit ω ∈ O×K . Then there exists an orbit X ∈ M4,G,
(X = [ω]) such that
i: ?(X) = 1,
ii: N(X) = −1, and
iii: #X = 3.
Proof. i: Let σ be a generator of Gal(K/Q). Observe that for a golden unit
ω ∈ O×K , {ω, σ(ω), σ2(ω)} generates U/U2. We know ω 6≡ 1 in U/U2
because Norm(ω) = −1. We know ω 6= −1 in U/U2 because otherwise
1− ω would be totally positive but Norm(1− ω) = −1. Therefore ω 6≡ ±1
in U/U2. Suppose (for contradiction) that ωσ(ω) ≡ ±1 in U/U2. Since
Norm(ω) = −1, this implies −σ2(ω) ≡ ±1 in U/U2. Applying σ, this im-
plies ω ≡ ±1 in U/U2, a contradiction. Therefore
(2) {ω, σ(ω), σ2(ω)} generates U/U2 as a Z/2-vector space.
Since ω ∈ OK , 1−ω ∈ OK and since Norm(1−ω) = −1, then 1−ω is a
unit. By statement (2) there exist some a0, a1, a2 ∈ Z/2 such that in U/U2
1− ω ≡ (ω)a0(σ(ω))a1(σ2(ω))a2 .
Since Norm(1−ω) = Norm(ω) = −1, we know a0+a1+a2 must be odd.
Therefore a0a1
a2
 ∈

11
1
 ,
10
0
 ,
01
0
 ,
00
1
 .
Suppose (for contradiction) thata0a1
a2
 ∈

11
1
 ,
10
0
 .
Then in U/U2,
1− ω ≡ −1 or 1− ω ≡ ω.
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If 1 − ω ≡ −1, we can write 1 − ω = −v2 for some v ∈ U . This implies
ω = 1 + v2, but Norm(ω) = −1 and 1 + v2 is totally positive. Similarly,
if 1 − ω ≡ ω, we can write 1 − ω = v2ω for some v ∈ U , which implies
1
ω = 1 + v
2, a contradiction since Norm
(
1
ω
)
= −1.
Therefore a0a1
a2
 ∈

01
0
 ,
00
1
 .
which implies 1− ω ≡ τ(ω) in U/U2 for some generator τ of Gal(K/Q).
Then applying τ2 yields
1− τ2(ω) ≡ ω in U/U2.
Therefore there is some unit z such that
ω(1− τ2(ω)) = z2
=⇒ ω(1 + Norm(w)τ2(ω)) = z2
=⇒ ω(1 + ωτ(ω)(τ2(ω))2) = z2
=⇒ ω + τ(ω)(ωτ2(ω))2 = z2.
Taking x := 1 and y := ωτ2(ω), we see that
ωx2 + τ(ω)y2 = z2
has a nontrivial solution. That is, (ω, τ(ω))2 = 1. Therefore [ω] ∈ M4,G is
in the kernel of ?.
ii: We now show that N([ω]) = −1. By Lemma 3.7, there exists a prime p
of K such that r0(p) = ω¯ in M4. That is, letting α be a totally positive
generator of ph(K), then ωα is congruent to a square mod 4OK . Let
ωα = 4γ + x2
for some γ, x ∈ OK with x co-prime to 2. Then since Norm(ω) = −1,
−Norm(α) = Norm(4γ + x2).
Since Norm(4γ + x2) ≡ Norm(x)2 mod 4Z, this proves
Norm(α) ≡ −1 mod 4Z.
Therefore N([ω]) = −1.
iii: It remains to show that #[ω] = 3. Consider the natural homomorphism
m : U/U2 →M4.
We will prove that m is an isomorphism. Then since ω 6≡ ±1 in U/U2,
this implies m(ω) 6= m(±1) = ±1. By Lemma 3.3 in [McM18], ±1 are the
only invariants of the action of Gal(K/Q) on M4. Therefore if m is an
isomorphism, this shows #[ω] = 3.
Note that Lemma 3.3 in [McM18] shows that #M4 = 2
n. We also
know that #U/U2 = 2n by Dirichlet’s unit Theorem. Therefore, showing
surjectivity of m is sufficient to show injectivity and is therefore sufficient
to show that #[ω] > 1.
Let Y ∈ M4. By Lemma 3.7, there exists a prime p of K such that
r0(p) = Y . That is, there exists a prime p of K such that α = Y in M4
where α ∈ OK is a totally positive generator of ph(K).
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Recall the definition of the map xK : P2`K → U/U2, which was proven
to be well-defined in Proposition 2.4. Let u ∈ U be a representative of
xK(p) ∈ U/U2. By definition of xK , this implies uα is a square (element) in
the narrow ray class field overK of conductor p∞. Therefore 2 is unramified
in L := K(
√
uα). Since 2 is unramified in L/K, then
2 - disc(OL/OK).
Note that ,
4β = disc(OL/OK)(OL : OK [
√
uα])2.
Since ordp(4uα) = h is odd, then
(OL : OK [
√
uα]) = 2.
Therefore there exist some a, b ∈ OK such that
a+ b
√
uα
2
∈ OL.
Therefore,
NormL/K
(
a+ b
√
uα
2
)
∈ OK
=⇒ a2 − uαb2 ≡ 0 mod 4OK
=⇒ uα ≡  mod 4OK .
Therefore uα ≡ 1 in M4 and so m is surjective, completing the proof
that #[ω] = 3.

Corollary 4.5 (± Starlight for n = 3). Let K be a cyclic cubic number field with
odd class number. Assume K has a golden unit. Then m− = 1 and m+ = 0.
Proof. By Proposition 4.4, m− = 1. Note that by Lemma 3.3 in [McM18], there is
a unique non-trivial Gal(K/Q)−orbit of M4 of each fixed norm, ±. Therefore by
Lemma 6.4 in APSR [McM18], m+ = 0. 
5. Main Results
For S ⊆ R sets of rational primes, let
d(R|S) := lim
N→∞
RN
SN
where SN := {p ∈ S : Norm(p) < N} and similar for RN .
Let K be a cubic cyclic number field with odd class number. Let S denote the
set of odd rational primes that split completely in K/Q. Let
S+ := {p ∈ S : p ≡ 1 mod 4Z}, and
S− := {p ∈ S : p ≡ −1 mod 4Z}.
For a fixed sign ±, define
R± := {p ∈ S± : spin(p, σ) = spin(p, σ−1) for all σ 6= 1 ∈ Gal(K/Q)}.
ON THE ASYMPTOTICS OF A PRIME SPIN RELATION, II 17
Theorem 1.3. Let K be a cyclic cubic number field with odd class number. Assume
K has a golden unit. Then d(R|S) = 1/2. More particularly,
d(R+|S+) = 1
4
, d(R−|S−) = 3
4
.
Proof. The assumptions to Theorem 3.10 are true by Proposition 4.1 and Corollary
4.3. Apply Theorem 3.10 and Corollary 4.5 to get d+ = d(R+|S+) = 1/4 and
d− = d(R−|S−) = 3/4.
If the limits exist then
d = d(R|S) = d(R+|S) + d(R−|S) and
d(R±|S) = d(R±|S±)d(S±|S) = 1
2
d(R±|S±)
by Cebotarev’s Theorem (see Theorem VII.13.4 in [Neu99] for Dirichlet density or
Theorem 4 in [Ser81] for natural density). Therefore d = d(R|S) is the average of
d+ = d(R+|S+) and d− = d(R−|S−) given in Theorem 1.3.

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